Abstract: We consider a nearly integrable, non-isochronous, a-priori unstable Hamiltonian system with a (trigonometric polynomial) O(µ)-perturbation which does not preserve the unperturbed tori. We prove the existence of Arnold diffusion with diffusion time T d = O((1/µ) log(1/µ)) by a variational method which does not require the existence of "transition chains of tori" provided by KAM theory. We also prove that our estimate of the diffusion time T d is optimal as a consequence of a general stability result proved via classical perturbation theory. Keywords: Arnold diffusion, variational methods, shadowing theorem, perturbation theory, nonlinear functional analysis AMS subject classification: 37J40, 37J45.
Introduction
We outline in this Note some recent results on Arnold's diffusion obtained in [6] where we refer for complete proofs. We consider nearly integrable non-isochronous Hamiltonian systems described by
+ (cos q − 1) + µf (I, p, ϕ, q, t),
where (ϕ, q, t) ∈ T d × T 1 × T 1 are the angle variables, (I, p) ∈ R d × R 1 are the action variables and µ ≥ 0 is a small real parameter. The Hamiltonian system associated with H µ writeṡ ϕ = I + µ∂ I f,İ = −µ∂ ϕ f,q = p + µ∂ p f,ṗ = sin q − µ∂ q f.
(S µ )
The perturbation f is assumed, as in [11] , to be a trigonometric polynomial of order N in ϕ and t, namely f (I, p, ϕ, q, t) = |(n,l)|≤N f n,l (I, p, q)exp i(nϕ+lt) .
(S µ ) describes a system of d "rotators" weakly coupled with a pendulum through a small periodically time dependent perturbation term. The unperturbed Hamiltonian system (S 0 ) is completely integrable and, in particular, the energy I The mechanism proposed in [2] to prove the existence of Arnold diffusion and thereafter become classical, is the following one. The unperturbed Hamiltonian system (S 0 ) admits a continuous family of d-dimensional partially hyperbolic invariant tori T ω = {ϕ ∈ T d , I = ω, q = p = 0} possessing stable and unstable manifolds W
The method used in [2] to produce unstable orbits relies on the construction, for µ = 0, of "transition chains" of perturbed partially hyperbolic tori T µ ω close to T ω connected one to another by heteroclinic orbits. Therefore in general the first step is to prove the persistence of such hyperbolic tori T µ ω for µ = 0 small enough, and to show that its perturbed stable and unstable manifolds W s µ (T µ ω ) and W u µ (T µ ω ) split and intersect transversally ("splitting problem"). The second step is to find a transition chain of perturbed tori: this is a difficult task since, for general non-isochronous systems, the surviving perturbed tori T In [2] this difficulty is bypassed by the peculiar choice of the perturbation f (I, ϕ, p, q, t) = (cos q − 1)f (ϕ, t), whose gradient vanishes on the unperturbed tori T ω , leaving them all invariant also for µ = 0. The final step is to prove, by a "shadowing argument", the existence of a true diffusion orbit, close to a given transition chain of tori, for which the action variables I undergo a drift of O(1) in a certain time T d called the diffusion time.
The first paper proving Arnold diffusion in presence of perturbations not preserving the unperturbed tori was [11] . Extending Arnold's analysis, it is proved in [11] that, if the perturbation is a trigonometric polynomial in the angles ϕ, then, in some regions of phase space, the "density" of perturbed invariant tori is high enough for the construction of a transition chain.
Regarding the shadowing problem, geometrical method, see e.g. [11] , [14] , [12] , [13] , and variational ones, see e.g. [8] , have been applied, in the last years, in order to prove the existence of diffusion orbits shadowing a given transition chain of tori and to estimate the diffusion time. We also quote the important paper [7] which, even if dealing only with the Arnold's model perturbation, has obtained, using variational methods, very good time diffusion estimates and has introduced new ideas for studying the shadowing problem. For isochronous systems new variational results concerning the shadowing and the splitting problem have been obtained in [3] , [4] and [5] .
In this Note we describe an alternative mechanism, proposed in [6] , to produce diffusion orbits. This method is not based on the existence of transition chains of tori, namely it avoids the KAM construction of the perturbed hyperbolic tori, proving directly the existence of a drifting orbit as a local minimum of an action functional, see Theorem 2.1. At the same time this variational approach achieves the optimal diffusion time T d = O((1/µ) ln(1/µ)), see (4) . We also prove that our time diffusion estimate is the optimal one as a consequence of a general stability result, Theorem 2.2, proved via classical perturbation theory. As in [11] our diffusion orbit will not connect any two arbitrary frequencies of the action space, even if we manage to connect more frequencies than in [11] , proving the drift also in some regions of phase space where transition chains might not exist. Clearly if the perturbation is chosen as in Arnold's example we can drift in all phase the space with no restriction, see Theorem (2.3).
Actually our variational shadowing technique is not restricted to the a-priori unstable case, but would allow, in the same spirit of [3] , [4] and [5] , once a "splitting property" is somehow proved, to get diffusion orbits with the best diffusion time (in terms of some measure of the splitting).
In conclusion the results and the method described in this Note constitute a further step in a research line, started in [3] - [4] and [5] , whose aim is to find new mechanisms for proving Arnold diffusion. We expect that these variational methods could be suitably refined in order to prove the existence of drifting orbits in the whole phase space, and also for generic analytic perturbations. Another possible application of these methods could regard infinite dimensional Hamiltonian systems where the existence of "transition chains of infinite dimensional hyperbolic tori" is far for being proved.
For simplicity, even if not really necessary, when proving the existence of diffusion orbits, we assume f to be a purely spatial perturbation, namely f (ϕ, q, t) = |(n,l)|≤N f n,l (q)exp(i(nϕ + lt)). The functions f n,l are assumed to be smooth.
Let us define the "resonant web" D N , formed by the frequencies ω "resonant with the perturbation",
where E n,l := {ω ∈ R d | ωn + l = 0}. Let us also consider the Poincaré-Melnikov primitive
where q 0 (t) = 4 arctan(exp t) is the unperturbed separatrix of the pendulum satisfying q 0 (0) = π. The next theorem states that, for any connected component
and dist(I µ (t), γ) < η for all τ 1 ≤ t ≤ τ 2 .
We can also build diffusion orbits approaching the boundaries of D N at distances as small as a certain power of µ: see for a precise statement Theorem 6.1 of [6] . Theorem 2.1 improves the corresponding result in [11] which enables to connect any two frequencies ω I and ω F belonging to the same connected component C ⊂ D 2 )). In [14] - [12] - [13] , still by geometrical methods, and in [8] , by means of Mather's theory, the diffusion time has been proved to be just polynomially long in the splitting µ (the splitting angles between the perturbed stable and unstable manifolds W s,u µ (T µ ω ) at a homoclinic point are, by classical Poincaré-Melnikov theory, O(µ)). We note that the variational method proposed by Bessi in [7] had already given, even if in the case of perturbations preserving all the unperturbed tori, the time diffusion estimate
2 ). For isochronous systems the estimate on the diffusion time T d = O((1/µ)| ln µ|) has already been obtained in [3] - [4] . Very recently, in [13] , the diffusion time has been estimated as T d = O((1/µ)| log µ|) by a method which uses "hyperbolic periodic orbits"; however the result of [13] is of local nature: the previous estimate holds only for diffusion orbits shadowing a transition chain close to some torus run with diophantine flow.
Our next statement (a stability result) concludes this quest of the minimal diffusion time T d : it proves the optimality of our estimate T d = O((1/µ)| log µ|).
Theorem 2.2 Let f (I, ϕ, p, q, t) be as in (2) , where the f n,l (|(n, l)| ≤ N ) are analytic functions. Then ∀κ, r, r > 0 there exist κ 0 , µ 1 > 0 such that ∀ 0 < µ ≤ µ 1 , any solution (I(t), ϕ(t), q(t), p(t)) of (S µ ) with |I(0)| ≤ r and |p(0)| ≤ r satisfies
Actually the proof of Theorem 2.2 contains much more information: in particular the stability time (5) is sharp only for orbits lying close to the separatrices. On the other hand the orbits lying far away from the separatrices are much more stable, namely exponentially stable in time according to Nekhoroshev type time estimates, see (6) . Indeed the diffusion orbit of Theorem 2.1 is found (as a local minimum of an action functional) close to some pseudo-diffusion orbit whose (q, p) variables stay close to the separatrices of the pendulum (turning O(1/µ) times around them).
As a byproduct of the techniques developed in this paper we have the following result concerning "Arnold's example" [2] Theorem 2.3 Let f (ϕ, q, t) := (1 − cos q) f (ϕ, t). Assume that for some smooth embedding γ :
. Then ∀η > 0 there exists µ 0 := µ 0 (γ, η) > 0, and C := C(γ) > 0 such that ∀0 < µ ≤ µ 0 there exists a heteroclinic orbit (η-close to γ) connecting the invariant tori T ωI and T ωF . Moreover the diffusion time T d needed to go from a µ-neighbourhood of T ωI to a µ-neighbourhood of T ωF is bounded by
The method of proof of Theorem 2.1 (and Theorem 2.3) relies on a finite dimensional reduction of Lyapunov-Schmidt type, variational in nature, introduced in [1] and later extended in [3] , [4] and [5] to the problem of Arnold diffusion. The diffusion orbit of Theorem 2.1 (and Theorem 2.3) is found as a local minimum of the action functional close to some pseudo-diffusion orbit whose (q, p) variables move along the separatrices of the pendulum. The pseudo-diffusion orbits, constructed by the Implicit Function Theorem, are true solutions of (S µ ) except possibly at some instants θ i , for i = 1, . . . , k, when they are glued continuously at the section {q = π, mod 2πZ} but the speeds ( We underline that the question of finding the optimal time and the mechanism for which we can avoid the construction of true transition chains of tori are deeply connected. Indeed the main reason for which our drifting technique avoids the construction of KAM tori is the following one: if the time to perform a simple transition T s is, say, just T s = O(| ln µ|) then, on such short time intervals, it is easy to approximate the action functional with the unperturbed solutions living on the stable and unstable manifolds of the unperturbed tori W s (T ω ) = W u (T ω ) = {(ϕ, ω, q, p) | p 2 /2 + (cos q − 1) = 0}, see lemma 5.6 of [6] . In this way we do not need to construct the true hyperbolic tori T µ ω close to T ω (actually for our approximation we only need the time for a single transition to be T s << 1/µ).
The fact that it is possible to perform a single transition in a very short time interval like | ln µ| is not obvious at all. In [7] the time to perform a single transition, in the example of Arnold, is O(1/µ). This time separation arises in order to ensure that the variations of the action functional of the rotators are small compared with the (positive definite) second derivative of the Poincaré-Melnikov primitive at its minimum point. Unfortunately this time is too long to make directly our approximations of the action functional. The key observation that enables us to perform a single transition in a very short time interval concerns the behaviour the "gradient flow" of the unperturbed action functional of the rotators. In section 6 of [6] it is shown that the variations of the action of the rotators are small, even on time intervals T s << 1/µ, and do not "destroy" the minimum of the Poincaré-Melnikov primitive.
When trying to build a pseudo-diffusion orbit which performs single transitions in very short time intervals we encounter another difficulty linked with the ergodization time. The time to perform a single transition T s must be sufficiently long to settle, at each instant θ i , the projection of the pseudo-orbit on the torus sufficiently close to the minimum of the Poincaré-Melnikov function, i.e. the homoclinic point (in our method it is sufficient to arrive just O(1)-close, independently of µ, to the homoclinic point). This necessary request creates some difficulty since our pseudo-diffusion orbit may arrive O(µ)-close in the action space to resonant hyperplanes of frequencies whose linear flow does not provide a dense enough net of the torus. The way in which this problem is overcome is discussed in [6] : we observe a phenomenon of
